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ESTIMATES FOR EIGENVALUES OF THE OPERATOR L. 


GUANGYUE HUANG AND XUERONG QI 


Abstract. In this paper, we consider an eigenvalue problem of the 
elliptic operator 

Lr = div(r’'V-) 

on compact submanifolds in arbitrary codimension of space forms R^(c) 
with c > 0. Our estimates on eigenvalues are sharp. 


1. Introduction 


Let X : M —)• M'^(c) be an n-dimensional orientable closed connected 
submanifold of an A-dimensional space form M'^(c) of constant sectional 
curvature c, where M^(c) is Euclidean space when c = 0, M'^(c) is a 
unit sphere when c = 1, and M^(c) is a hyperbolic space when 
c = — 1. Let {eA}^=i be an orthonormal basis along M such that {ei}f^i 
are tangent to M and {ea}a=n+i normal to M. Denote by 
and {ea}a=n+i the dual frame, respectively. Then we have the following 
structure equation (see 0): 


i 

(1.1) 


(1.2) 

otfi 



(1.3) 






where /;.?■ denote the components of the second fundamental form of x. Let 

Bij = If “ 1} is even, the operator Lr is 

dehned by 


and 


Lr{f) = Y.^hj, 

ij 

L._i(/) = Xr„V/uea. 


(1.4) 

(1.5) 
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Here T’’ is given by 

~ ^ -^* 272 ) ■ ■ ■ (^v-iir-n 


( 1 . 6 ) 


ll ‘ ■Ir 

jl•■-jr 


j^r—1 _ 


1 


(r - 1)! 


E C^(^*m,^*2.2) • • • (^V-3>-3,^V-2>-2)^“_l,._l 


?! • • • tr-1 
jl■ ••jr-1 


(1-7) 

generalized Kronecker symbols. It has been shown in [6] that 
is symmetric and divergence-free. When r is even, 

Lrif) = div(r,v/), 

and the corresponding rth mean curvature function Sr and (r -|- l)th mean 
curvature vector field S^+i are given by 

L (-^*1 Jl ’ -^*2^2 ) ■ ■ ■ (-Sir-lJr-U -^ir-Jr) 


ll ■ ■ ■ tr 
jl ■ ■■ jr 


j. aij 'hj 


( 1 . 8 ) 


n 


Hr 


Sf+1 — 


1 


(r -h 1)! 


E! E'"h+1 ; -^* 212 ) ■ ■ ■ {^ir-ljr-l ) ^irjr)^i 


■r+lJr + 1 


2l • • • 2r+l 
jl •••jr+1 


1 


TnhZer. 


r + 1 "D 
n 

r +1 


It has also been shown in [6] that for any even integer rE{0,l,-- - ,n — 1}, 
we have 

trace(r’’) = (n — r)Sr 

and 

Lr{x) = {r + l)Sr+i — c(n — r)Sr x, 

Lr{e^) = -Y,^hl^j^k- E Tl^Kkh^ep + cY^Tl^K 

•i,j,k i,j 

When M is a hypersurface of a space form, we have 

LqU) = A(/), Li(/) = □(/) = {nH6ij - hij)fi. 

where the operator □ was introduced by Cheng-Yau in [5] and studied by 
many mathematicians. In [1], Alencar, do Carmo and Rosenberg generalized 
Reilly’s inequality to more general operators Lr than the Laplacian. That 


€ {0,1,... 

(1.9) 
,n- 1}, 


(1.10) 


(1.11) 


(1.12) 

hij)fij , 

(1.13) 
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is, they proved that when M is an orientable closed hypersurface of 
with Hr+i > 0, 

Af" j Hrdv< c(r) j dv (1.14) 

M M 

and equality holds precisely if M is a sphere. Here c(r) = (n — r)(”). In [9], 
Grosjean obtained the following similar optimal upper bound for A^'’" of 
closed hypersurfaces of any space form with > 0 and convex isometric 
immersion x: 

/ f/2 

—- - dv ( 1 - 15 ) 

Hr 

M 

and equality holds if and only if x{M) is an umbilical sphere. For eigenval¬ 
ues of Lj. and some important elliptic operators, see also ptiiUTHSHTO] and 
references therein. 

In this paper, we assume that is elliptic on M, for some even integer 
r € {0,1, • • • , n — 1}. The purpose of this paper is to study the following 
closed eigenvalue problem of the elliptic operator L^. 

Lr{u) = —Xu (1-16) 

on compact submanifolds in arbitrary codimension of space forms. We know 
that the set of eigenvalues consists of a sequence 

0 = Ag" < Af" < A^" < • • • < A^"-^ -t-oo. 

Denote by Ui the normalized eigenfunction corresponding to A^’’ such that 
becomes an orthonormal basis of L?‘{M), that is 

f Lr{Ui) = -Xf^'Ui, 

\ UiUj dv = 6ij, for any z, j = 0,1, • • • . 

We will prove the following results: 


Theorem 1.1. Let {M,g) be an n-dimensional orientable closed connected 
submanifold of a space form M'^(c) with c > 0. Assume that Lr is elliptic 
on M, for some even integer r G {0,1, • • • ,n — 1}. Then we have 



Hr dv < c{r) 


/ 


(iH.+i 


M 


M 


dv + cH^) dv; 


(1.17) 



i=l 


< 


n 

vol(M) 


{n — r) / 

Srdv f (|H|2 + c)du. 

(1.18) 

M 

J 

M 



where c(r) = (n — r) (”). 

In particular, for c = 0, the equality in (fTTTl) holds if and only if M is 
a sphere in for c = 1, the equality in (ll.lTh holds if and only if x 

is r-minimal. For c = 0, the equality in (I1.18h holds if and only if M is a 
sphere in for c = 1, the equality in (jl.lSp holds if and only if x is 

minimal. 
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Using the fact 


< A2'■<••• < A^ 


we have 



> n 



2 = 1 


Therefore, we obtain the following upper bound of the first eigenvalue A 
from (|1.18p : 


Lr 


Corollary 1.2. Under the assumption of Theorem M.ll we have 

M M 

In particular, for c = 0, the equality in (fUT^ holds if and only if M is a 
sphere in for c = 1, the equality in (11.191) holds if and only if x is 

minimal. 


In particular, 

Hence, we also obtain 



i=l 


Corollary 1.3. 


Under the assumption of Theorem \l.ll we have 
n^{n — r) 


A^ < 


(vol(M))2 


J Sr dv J (I 


Hr + c) dv. 


M 


M 


( 1 . 20 ) 


Remark 1.1. When N = n + 1 and c = 0, our estimate (I1.17P becomes the 
result ()1.14l) of Alencar, do Car mo and Rosenberg in [1]. For iV = n + 1 and 
c > 0, our estimate (I1.17P seems like the estimate (jl.lSp of Grosjean in [9]. 
But our estimate (jl.l7p is independent of the convex isometric immersion. 


Remark 1.2. Clearly, our estimate (jl.l9p is new. Moreover, we obtain esti¬ 
mates on high order eigenvalues of the elliptic operator Lr on submanifolds 
of space forms with arbitrary codimension. 


2. Proof of results 


In order to complete our proof, we need the following lemma: 

Lemma 2.1. Under the assumption of Theorem M.ll for any function h^ G 
C‘^{M) satisfying 


J hAUQUB = 0, for R = 1, • • • , H — 1, (2-1) 

M 

we have 

j {T^VhA,^hA)dv < j \diw{T''SIhA)? dv; (2.2) 

M M 






















ESTIMATES FOR EIGENVALUES OF THE OPERATOR Lr 


5 


and 


J \VhA\^ dv <6 J {T^VhA, VhA) + {^hA? dv, (2.3) 



M M 

where 5 is any positive constant. 

Proof. We let tpA = hAUo — uq f /ia'Rq Then 


M 


M 

/ yPAUQ dv = 0. 

Jm 

It has been shown from (j2.ip that 

J ifAUB dv = 0, for B = 1, • • • , ^4 — 1. 

M 

Hence, we have from the Rayleigh-Ritz inequality 

PAdv < - J (fALr{pA)dv. 


(2.4) 


(2.5) 


( 2 . 6 ) 


Since uq is a nonzero constant satisfying Uq vo1(M) = 1, and is symmetric 
and divergence-free, a direct calculation yields 

-J (pALr{pA)dv = - j (pAdiv{T^V{hAUo))dv 

M M 

= j{T^'V(hAUo), V{hAUo)) dv 1^2.7) 

M 

=ul [{T^VhA, ^hA) dv. 


M 


Putting (|2.7I1 into the inequality ()2.6p gives 

X^^ j ip\dv<ul J {T^VhA, VhA) dv. 


( 2 . 8 ) 


We define 


ujA-=—J (pAdiv{T'~'V{hAUo))dv = Uq J {T^VhATVhA) dv. (2.9) 


M 


M 


Then (|2.8p gives 


^A^ j PAdv < UJA- 
M 


( 2 . 10 ) 
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From the Schwarz inequality and (|2.10l) . we obtain 


X^u\=\^ I / (/?Adiv(r^V(/iAWo))c?'i^ 


i [ '^Adv\ i f \div{T'"V{hAUo))\‘^ dv 
\m / \m I 

<bJA J \div{T^V{hAUo))f dv, 

M 

\a^u;a< J \dw{T^V{hAUo))\^ dv. 

M 


( 2 . 11 ) 


which gives 


Combining (|2.9I) with (|2.12p yields the inequality 

On the other hand, from the the Stokes formula, one gets 

—uq j ifA^^A dv = — j ipA^{hAUo) dv 
M 

= — J (jiAUo ~ J ^aUq dv^ A{hAUo) dv 

M M 

= [\v{hAUo)]"^ dv 

; j 


( 2 . 12 ) 


M 


M 


=ul 


' dv. 


M 


Therefore, for any positive constant 5, we derive from (|2.8p 

j |V/iyi|^ dv = — \J Ay no J ipA^hAdv 

M M 

<5Xa" J (Pa dv + ^ul J {AhA^ dv 


M 


<6ul J{T^VhA, SIhA) dv + ^4 j{AhA? dv. 
M M 


The desired inequality (j2.3l) is obtained. 


(2.13) 

□ 


Proof of the estimate (|1.17p in Theorem ll.il For c = 0, according to the or- 
thogonalization of Gram and Schmidt, we get that there exists an orthogonal 
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matrix O = {O^) such that 


N 


N 


/ OaXcUqUb = Oa f xcUoUb = 0, for B = 1,... ,A-1. (2.14) 

Taking Ha = Yl!c=i^A^C in UMi and summing over A from 1 to A^, we 
obtain 

N ^ r 

/ {T^VhA,X7hA)dv <Y |div(r’’V/iA)P du. (2.15) 


A=1 


M 


A=1 


M 


Since is elliptic, namely is positive definite, we have 
AT „ ^ f 

Y / {T'’X7hA, VhA) dv >X{^Y / Vh^) dv. 


(2.16) 


A=1 


M 


A=1 


M 


(2.17) 


Therefore, from (I2.15P and the orthogonal matrix O, we derive 

v ^ r 

^Lr / (r’-VxA, Vxa) du < / \div{T'^S/xA)\^ dv. 

A=^m 

Let El, - ■ ■ ,E]^ he a canonical orthonormal basis of , then xa = {Ea, x) 
and 

V{xa) = {EA,ei)ei = eJ, (2.18) 

where T denote the tangent projection to M. Therefore, 

N N 

YiT^^XA, Vxa) = y; mEA, ei){EA, e,) 

A=1 A=1 

=trace(T^) 

=(n - r)Sr, 

which shows that 5^ > 0 since is positive definite. Using the definition 
of Lr, we have 

N N 

Y Idiv(r’-VXA)P = Y(^A,Lr{x)f = \Lr{x)f = (r + l)2|S,+i|2. 

A=1 A=1 

Thus, we derive from (I2.17P 

{n — r)X^'~ J Sr dv < {r + 1)'^ J |Sr+i|^du. (2-19) 

M M 

By virtue of the relationships between Sr and Hr, we deduce to 

.fdx. 

M 


X^'' J Hrdv< c(r) J 

M M 


( 2 . 20 ) 
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When c = 1, 


= {x G 


\xf = Xq + H- x% = -}. 


Using the similar method, we can derive 
N ^ N 


Af” ^ [ {rVxA,VxA)dv <^ [ \diY{T^VxA)f dv. 
A=0m 


Putting 


and 


N 


(T’'Vxa, Vxa) = trace(r’’) = (n — r)Sr 

A=o 


N 


^ |div(r’^VxA)|2 =\Lr{x)\^ 

A=0 

=(r + l)2|S,+i|2 + c2(n-r)2s2|x|2 
=(r + l)^|Sr+iP + c{n - r)‘^Sl 

into (j2.21l) gives 

(n — r)Af’'y Srdv< J[{r + l)‘^\SrAi\‘^ + c{n — r)‘^Sl]dv. 


M 


M 


( 2 . 21 ) 


( 2 . 22 ) 


Hence, the desired estimate (I1.17P is derived. 

Next, we consider the case that equalities occur. If c > 0 and the equality 
in (jl.l7l) holds, then inequalities (|2.6p . (12.111) and (12.161) become equalities. 
Hence, we have 

Af-- = = • • • = A^’' = (2.23) 

Lri^PA) — (2.24) 

where ;U is a constant. When c = 0, from p2.24p and pi.lip , we can infer that 
the vector field tp = {p>i, ■ ■ ■ , (^at) is parallel with S^+i. Thus, we obtain 

yi99|2),, = (e,,<^) = 0, (2.25) 

which shows that \p>'\^ is constant. Hence M is a sphere in When 

c = 1 and the equality in pi.l7p holds, it is easy to see that S^+i = 0 by 
combining p2.24p with (II.111) . That is to say that x is r-minimal. 

□ 


Proof of the estimate (ll.lSp in Theorem M . 1\ For c = 0, we taking Ha = 
E?., ojxc in (12.3p . where the matric O is given by (I2.14p . Prom p2.18p . 
we get 


\S/hA? = \VXA? = \El\^ <\Ea? = 1, VH, 


(2.26) 
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and 


Thus, we infer 


N 


N 


Y, IV/IAP = iVx^l' 


= n. 


A=1 


A=1 


N 


A=1 


1 

e/tiv/hp+z^ e i^''« 


i=l 

n 


Q:=n+1 


2 = 1 




2 = 1 
n 


+ v^iii E(' - 

i=i 


> > 

2=1 


+ VVA^(l-|V/ijf) 


i=i 


(2.27) 


(2.28) 


j=i 


From (|l.lip . we have ~ l^(®)P = l^iP = n^|Hp. Hence, 

taking sum on A from 1 to for (12.3p . we have 


2=1 


^Af’'vol(M) < (5(n — r) J ^rdv + ^ 


iHr du. 


M 


M 


Minimizing the right hand side of (I2.29p by taking 


5 = 


n / Im dv 
2\1 {n-r)jj^ Sr dv 


yields 


Af’'vol(M) < n 


2=1 




(2.29) 


{n — r) J Srdv J iH^du. (2.30) 


M M 

When c = 1, the proof is similar. We omit it here. 

When c > 0 and the equality in (|1.18p holds, then inequalities p2.6l) . p2.13p 
and (I2.28P become equalities. Hence, we have 

= A^-- = • • • = = /r; (2.31) 

A{(pa) = -lJi(pA- (2.32) 
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Similarly, we infer that, for c = 0, the equality in (|1.18|) holds if and only if 
M is a sphere in for c = 1, the equality in (jl.lSp holds if and only if 

X is minimal. 

□ 
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